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Abstract
We extend the results of arXiv:1401.1645 on the generalized conformal Sp(2n)–structure of
infinite multiplets of higher– spin fields, formulated in spaces with extra tensorial directions
(hyperspaces), to the description of OSp(1|2n)–invariant infinite–dimensional higher–spin
supermultiplets formulated in terms of scalar superfields on flat hyper–superspaces and on
OSp(1|n) supergroup manifolds. We find generalized superconformal transformations relat-
ing the superfields and their equations of motion in flat hyper–superspace with those on the
OSp(1|n) supermanifold. We then use these transformations to relate the two–, three– and
four–point correlation functions of the scalar superfields on flat hyperspace, derived by re-
quiring the OSp(1|2n) invariance of the correlators, to correlation functions on the OSp(1|n)
group manifold. As a byproduct, for the simplest particular case of a conventional N = 1,
D = 3 superconformal theory of scalar superfields, we also derive correlation functions of
component fields of the scalar supermultiplet including those of auxiliary fields.
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1 Introduction
In [1] we have studied some aspects of the description of infinite sets of integer and half–integer
massless higher– spin fields in flat and anti–de–Sitter (AdS) spaces in terms of scalar and spinor
‘hyperfields’ propagating in hyperspaces. In addition to a conventional space–time as a subspace,
hyperspaces are endowed with extra tensorial coordinates encoding the spin degrees of freedom of
conventional space–time fields. This formulation, which was originally put forward by Fronsdal
as an alternative to the Kaluza–Klein theory [2], has been extensively developed by several
authors [3–22].
The theories on tensorially extended (super)spaces, which we will henceforth refer to as hyper-
(super)spaces, offer many interesting and challenging problems regarding higher–spin fields, one
of them being the further development and study of generalized (super)conformal theories on
these spaces. This motivated our recent work [1] in which, using generalized conformal trans-
formations, we established an explicit relation between the equations of motion of hyperfields
on flat hyperspace and on Sp(n) group–manifolds, the latter being tensorial generalizations1 of
AdS spaces. This relation was then employed in order to explicitly derive the Sp(2n)–invariant
two–, three– and four–point correlation functions for fields on Sp(n) group manifolds, from the
known Sp(2n)–invariant correlation functions on flat hyperspaces, thus, generalizing the results
obtained in [5, 10,23].
In this paper we further extend the results of [1] to the description of supersymmetric
systems of higher– spin fields in hyper–superspaces, which were previously studied e.g. in
[3, 4, 6–8, 11, 14, 20, 24]. In particular, by means of a generalized superconformal transforma-
tion, we establish an explicit relation between the superfield equations of motion [11] on flat
hyper–superspace and on an OSp(1|n) supergroup manifold. Furthermore, the explicit solution
of the generalized superconformal Ward identities allows us to derive the OSp(1|2n)–invariant
two–, three– and four–point superfield correlation functions on flat hyper–superspace and, con-
sequently, using the generalized superconformal transformations, we obtain the corresponding
correlation functions on the OSp(1|n) group manifolds. Our results, therefore, generalize the
superfield description and computation of superfield correlators in conventional superconformal
field theories, considered e.g. in [25–28], to superconformal higher–spin theories. A byproduct of
our analysis is the derivation of correlation functions involving the component fields of the scalar
supermultiplet, including the auxiliary fields, for the simple special case of a three-dimensional
N = 1 superconformal theory of scalar superfields.
As in the case of the N = 1, D = 3 superconformal theory, the fact that 3– and 4–point
correlation functions are non-zero for hyperfields of an anomalous conformal weight may indicate
the existence of interacting conformal higher–spin fields which involve higher orders of their field
strengths.
It should be noted that in the literature [29–49] various supersymmetric higher–spin systems
have been considered in either irreducible or reducible representations of the Poincare´ and AdS
groups (see e.g. [50,51] for a discussion of reducible higher– spin multiplets in the “metric–like”
approach). As we will see, the systems of integer and half–integer higher– spin fields considered
in [3, 4, 6–8, 11, 14, 20] and in this paper form irreducible infinite–dimensional supermultiplets of
space–time supersymmetry. These supersymmetric higher–spin systems are therefore different
from finite–dimensional higher–spin supermultiplets considered in [29–49]. We will provide the
algebraic reasoning for this in Section 2.4.
1Here Sp(n) stands for the real non–compact form Sp(n,R) of Sp(n,C), where R will be omitted for brevity.
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The paper is organized as follows. Section 2 begins with a review of some basic known
results about hyper-superspaces. We describe in detail the generalized superconformal algebra,
the realization of the generalized superconformal group OSp(1|2n) on hyper-superspace and the
precise connection between generalized and conventional conformal weights for scalar superfields
and their components in various dimensions. Finally, we demonstrate how an infinite–dimensional
N = 1 supersymmetry multiplet is formed by the component fields of the hyper–superfield in
the case of four–dimensional flat space–time.
In Section 3 we provide a description of the geometric structure of OSp(1|n) manifolds.
These manifolds exhibit the property of generalized superconformal flatness (or GL–flatness)
observed earlier in [7,8], which is similar to the superconformal flatness property of certain con-
ventional AdS superspaces and superspheres [52–56]. We then consider the relation between the
OSp(1|2n)–invariant field equations for scalar superfields on flat hyper–superspace and those on
the OSp(1|n) group manifold derived in [11]. We show that, similarly to the non-supersymmetric
case [1], the supersymmetric field equations on flat hyper-superspace and on OSp(1|n) group
manifolds are related to each other via a generalized superconformal transformation of the scalar
hyper-superfield and its derivatives.
In Section 4, as a preparation for the computation of correlation functions on flat hyper-
superspace and on OSp(1|n) supergroup manifolds, we consider the simplest example of an
OSp(1|4)–invariant superconformal theory of a conventional N = 1, D = 3 massless scalar
superfield. Even though higher–spin fields are absent in this case, it is a simple setup in which
one can illustrate the salient features of our approach. To this end, we present the OSp(1|4)–
invariant two–, three– and four–point correlation functions of scalar superfields, as well as the
correlators of the component fields of the scalar supermultiplet, including those of auxiliary fields.
Finally, in Section 5 we use the requirement of OSp(1|2n) invariance to derive the expressions
for two–, three– and four–point correlation functions of the scalar hyper–superfields. Again, in
a complete analogy with the non–supersymmetric systems [1], the correlation functions on flat
hyper-superspaces and OSp(1|n) supergroup manifolds are related via generalized superconfor-
mal Weyl rescaling. Thus, our basic result is that the GL–flatness is a key property of Sp(n)
and OSp(1|n) manifolds that renders them amenable to the same type of analysis as for the case
of flat hyper (super) spaces.
We conclude with a discussion on open problems and perspectives for further development
of the hyperspace formulation of higher–spin fields.
2 Scalar superfields in flat hyper–superspace, equations of mo-
tion and correlators
2.1 Flat hyper–superspace and its symmetries
The flat hyper–superspace (see e.g. [3,4,11]) is parametrized by n(n+1)2 bosonic matrix coordinates
Xµν = Xνµ and n real Grassmann–odd ‘spinor’ coordinates θµ (µ = 1, · · · , n). We call θµ
‘spinors’, since they are indeed so from the perspective of conventional space–time, which is a
subspace of hyperspace.
For instance, when n = 4, we can decompose the ten bosonic coordinates Xµν using the
Majorana (real) representation of the gamma–matrices of a D = 4 space–time as follows
Xµν = Xνµ =
1
2
xm (γm)
µν +
1
4
ymn (γmn)
µν , µ, ν = 1, 2, 3, 4 , m, n = 0, 1, 2, 3, (2.1)
2
where (γm)
µν = (γm)
νµ ≡ Cµτ (γm)τ
ν , (γmn)
µν = (γmn)
νµ ≡ Cµτ (γmn)τ
ν , with CT = −C
being the charge conjugation matrix and the gamma–matrices (γm)µ
ν satisfy the Clifford algebra
{γm, γn} = 2ηmn. The space–time metric signature is chosen to be mostly plus (−,+, · · · ,+).
The four coordinates xm parametrize the conventional flat space–time which is extended to
flat hyperspace by adding six extra dimensions, parametrized by ymn = −ynm. This bosonic
hyperspace is then further extended to the hyper–superspace by adding four Grassmann–odd
directions parametrized by θµ, which transform in the spinor representation of the D = 4 Lorentz
group SO(1, 3).
The supersymmetry variation of the coordinates
δθµ = ǫµ, δXµν = −iǫ(µθν) , (2.2)
leaves invariant the Volkov–Akulov–type one–form
Πµν = dXµν + iθ(µdθν) . (2.3)
The round brackets denote symmetrization of indices with the standard normalization
Y (µ1···µk) =
1
k!
(Y µ1···µk + all permutations of indices ) . (2.4)
The supersymmetry transformations form a generalized super–translation algebra
{Qµ, Qν} = 2Pµν , [Qµ, Pνρ] = 0 , [Pµν , Pρλ] = 0 , (2.5)
with Pµν generating translations along X
µν . Namely, δXµν = iaρλPρλ · X
µν = aµν , with aµν
being constant parameters.
The realization of Pµν and Qµ as differential operators is given by
Pµν = −i
∂
∂Xµν
≡ −i∂µν , Qµ = ∂µ − iθ
ν∂νµ , ∂µ ≡
∂
∂θµ
, (2.6)
where, by definition,
∂µν X
ρλ = δ(ρµ δ
λ)
ν . (2.7)
Furthermore, in the case n = 4, D = 4, the partial derivative associated with (2.1) takes the
form
∂µν =
1
2
(γm)µν
∂
∂xm
+
1
2
(γmn)µν
∂
∂ymn
. (2.8)
The algebra (2.5) is invariant under rigid GL(n) transformations
Q′µ = gµ
ν Qν , P
′
µν = gµ
ρ gν
λ Pρλ, (2.9)
generated by
Lµ
ν = −2i(Xνρ +
i
2
θνθρ)∂ρµ − iθ
ν Qµ , (2.10)
which act on Pµν and Qµ as
[Pµν , Lλ
ρ] = −i(δρµPνλ + δ
ρ
νPµλ) , [Qµ, Lν
ρ] = −iδρµQν , (2.11)
3
and close into the gl(n) algebra
[Lν
µ, Lλ
ρ] = i(δµλ Lν
ρ − δρν Lλ
µ) . (2.12)
The algebra (2.5), (2.11) and (2.12) is the hyperspace counterpart of the conventional super–
Poincare´ algebra enlarged by dilatations. That this is so can be most easily seen by considering
e.g. n = 2 (i.e. µ = 1, 2), in which case this algebra is recognized as the D = 3 super–Poincare´
algebra with Lµ
ν − 12δ
ν
µ Lρ
ρ =Mm(γ
m)µ
ν generating the SL(2, R) ∼ SO(1, 2) Lorentz rotations
(note that m = 0, 1, 2) and D = 12Lρ
ρ being the dilatation generator. Note that the factor 12 in
the definition of the dilatation generator is required in order to have the canonical scaling of the
momentum generator Pµν with weight 1 and the supercharge Qµ with weight
1
2 , as follows from
eq. (2.11).
This algebra may be further extended to the OSp(1|2n) algebra, generating generalized su-
perconformal transformations of the flat hyper–superspace, by adding the additional set of su-
persymmetry generators
Sµ = −(Xµν +
i
2
θµθν)Qν , (2.13)
together with the generalized conformal boosts
Kµν = i(Xµρ +
i
2
θµθρ)(Xνλ +
i
2
θνθλ)∂ρλ − iθ
(µSν) . (2.14)
The generators Sµ and Kµν form a superalgebra similar to (2.5)
{Sµ, Sν} = −2Kµν , [Sµ,Kνρ] = 0 , [Kµν ,Kρλ] = 0 , (2.15)
while the non–zero (anti)commutators of Sµ and Kµν with Qµ, Pµν and Lµ
ν read
{Qµ, S
ν} = −Lµ
ν , [Sµ, Pνρ] = iδ
µ
(ν Qρ), [Qµ,K
νρ] = −iδ(νµ S
ρ) , [Sµ, Lν
ρ] = iδµν S
ρ . (2.16)
2.2 Generalized superconformal algebra OSp(1|2n)
We now collect together all the non–zero (anti)commutation relations among the generators of
the OSp(1|2n) algebra
{Qµ, Qν} = 2Pµν , [Qµ, Pνρ] = 0 , [Pµν , Pρλ] = 0 ,
{Sµ, Sν} = −2Kµν , [Sµ,Kνρ] = 0 , [Kµν ,Kρλ] = 0 ,
{Qµ, S
ν} = −Lµ
ν , [Sµ, Pνρ] = iδ
µ
(ν Qρ), [Qµ,K
νρ] = −iδ
(ν
µ Sρ) , (2.17)
[Pµν , Lλ
ρ] = −i(δρµPνλ + δ
ρ
νPµλ) , [Qµ, Lν
ρ] = −iδρµQν [S
µ, Lν
ρ] = iδµν Sρ ,
[Lν
µ, Lλ
ρ] = i(δµλ Lν
ρ − δρν Lλ
µ) ,
[Kµν , Lλ
ρ] = i(δµλK
νρ + δνλK
µρ) , [Pµν ,K
λρ] = i4(δ
ρ
µLν
λ + δρνLµ
λ + δλµLν
ρ + δλνLµ
ρ) .
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Let us note that in the case n = 4, in which the physical space–time is four–dimensional (see
eq. (2.1)) the generalized superconformal group OSp(1|8) contains the D = 4 conformal sym-
metry group SO(2, 4) ∼ SU(2, 2) as a subgroup, but not the superconformal group SU(2, 2|1).
The reason being that, although OSp(1|8) and SU(2, 2|1) contain the same number of (eight)
generators, the anticommutators of the former close on the generators of the whole Sp(8), while
those of the latter only close on an U(2, 2) subgroup of Sp(8), and the same supersymmetry
generators cannot satisfy the different anti–commutation relations simultaneously. In fact, the
minimal OSp–supergroup containing SU(2, 2|1) as a subgroup is OSp(2|8).
2.3 Scalar superfields and their OSp(1|2n)–invariant equations of motion
Let us now consider a superfield Φ(X, θ) transforming as a scalar under the super–translations
given in eq. (2.6)
δΦ = −(ǫαQα + ia
µνPµν)Φ . (2.18)
To construct equations of motion for Φ(X, θ) which are invariant under (2.18) and comprise
the equations of motion of an infinite tower of integer and half–integer higher– spin fields with
respect to conventional space–time, we introduce the spinorial covariant derivatives
Dµ = ∂µ + iθ
ν∂νµ , {Dµ,Dν} = 2i∂µν , (2.19)
which (anti)commute with Qµ and Pµν .
The Φ–superfield equations then take the form [11]
D[µDν]Φ = 0 , (2.20)
where the brackets denote the anti–symmetrization of indices with unit overall strength similarly
to (2.4). As was shown in [11], these superfield equations imply that all components of Φ(X, θ)
except for the first and the second one in the θµ–expansion of Φ(X, θ) should vanish
Φ(X, θ) = b(X) + iθµ fµ(X) + iθ
µθνAµν + · · · , (2.21)
(i.e. Aµ1...νk = 0 for k > 1) while the scalar and spinor fields b(X) and fµ(X) satisfy the equations
first derived in [4]
(∂µν∂ρλ − ∂µρ∂νλ)b(X) = 0 , (2.22)
∂µνfρ(X) − ∂µρfν(X) = 0 . (2.23)
For n=4, 8 and 16 these equations encode the Bianchi identity and equations of motion for the
curvatures of infinite towers of conformally invariant, massless higher–spin fields in 4–, 6– and
10–dimensional flat space–time, respectively (see [4, 12]).
The superfield equations (2.20) are invariant under the generalized superconformal OSp(1|2n)
symmetry, provided that Φ(X, θ) transforms as a scalar superfield with the ‘canonical’ generalized
scaling weight 12 , i.e.
δΦ = −(ǫµQµ + ξµ S
µ + iaµν Pµν + ikµν K
µν + igµ
ν Lν
µ)Φ
−
1
2
(
gµ
µ − kµν(X
µν +
i
2
θµθν) + ξµ θ
µ
)
Φ , (2.24)
where the factor 12 in the second line is the generalized conformal weight and ǫ
µ, ξµ, a
µν , kµν
and gµ
ν are the rigid parameters of the OSp(1|2n) transformations.
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Scalar superfields with anomalous generalized conformal dimension ∆ transform underOSp(1|2n)
as
δΦ = −(ǫµQµ + ξµ S
µ + iaµν Pµν + ikµν K
µν + igµ
ν Lν
µ)Φ
−∆
(
gµ
µ − kµν(X
µν +
i
2
θµθν) + ξµ θ
µ
)
Φ . (2.25)
It is instructive to demonstrate how the generalized conformal dimension ∆, which is defined to
be the same for all values of n in OSp(1|2n), is related to the conventional conformal weight of
scalar superfields in various space–time dimensions. As we have already mentioned in Section
2.1, the dilatation operator should be identified with D = 12Lµ
µ. Therefore, considering a GL(n)
transformation (2.25) with parameter gµ
ν
δΦ = −igµ
ν Lν
µΦ,
the part of the transformation corresponding to the dilatation reads
δDΦ = −
i
n
gµ
µ Lν
νΦ = −
2i
n
gµ
µ
DΦ = −ig˜DΦ , (2.26)
where g˜ = 2
n
gµ
µ is the genuine dilatation parameter. From (2.25) it then follows that the
conventional conformal weight ∆D of the scalar superfield is related to the generalized one ∆ via
∆D =
n
2
∆ . (2.27)
In the n = 2 case corresponding to the N = 1, D = 3 scalar superfield theory the two conformal
dimensions coincide, whereas in the case n = 4 describing conformal higher– spin fields in D = 4
one finds ∆4 = 2∆. Relation (2.27) indeed provides the correct conformal dimensions of scalar
superfields (and consequently of their components) in the corresponding space–time dimensions.
For instance, when ∆ = 12 , in D = 3 one finds
1
2 as the canonical conformal dimension of the
scalar superfield, while in the cases D = 4 and D = 6, n = 8 it is found to be equal to one and
two, respectively. For convenience, we shall henceforth associate the scaling properties of the
fields to the universal D– and n–independent generalized conformal weight ∆.
2.4 Infinite–dimensional higher–spin representation of N = 1, D = 4 super-
symmetry
Using the example of n = 4 in D = 4 we will now show that in four space–time dimensions,
the fields of integer and half–integer spin s = 0, 12 , 1, · · · ,∞ encoded in b(X) and fµ(X) form
an irreducible infinite–dimensional supermultiplet with respect to the supersymmetry transfor-
mations generated by the generalized super–Poincare´ algebra (2.5)–(2.8). The hyperfields b(X)
and fµ(X), satisfying (2.23), transform under the supertranslations (2.18) as follows
δb(X) = −iǫµ fµ(X) , δfµ(X) = −ǫ
ν ∂νµ b(X) . (2.28)
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The D = 4 higher–spin field curvatures are contained in b(X) and fµ(X) as the components of
the series expansion in the powers of the tensorial coordinates ymn of the flat hyperspace (2.1)
b(xl, ymn) = φ(x) + ym1n1Fm1n1(x) + y
m1n1 ym2n2 [Rm1n1,m2n2(x)−
1
2ηm1m2∂n1∂n2φ(x)]
+
∑∞
s=3 y
m1n1 · · · ymsns [Rm1n1,··· ,msns(x) + · · · ] ,
(2.29)
fρ(xl, ymn) ≡ Cρµfµ = ψ
ρ(x) + ym1n1 [Rρm1n1(x)−
1
2∂m1(γn1ψ)
ρ]
+
∑∞
s= 5
2
ym1n1 · · · y
m
s− 1
2
n
s− 1
2 [Rρm1n1,··· ,ms− 1
2
n
s− 1
2
(x) + · · · ] .
Remember that in (2.29), Cρµ = −Cµρ is the charge conjugation matrix used to raise spinor
indices, φ(x) and ψρ(x) are a D = 4 scalar and a spinor field, respectively, Fm1n1(x) is the
Maxwell field strength, Rm1n1,m2n2(x) is the curvature tensor of linearized gravity, R
ρ
m1n1(x) is
the Rarita–Schwinger field strength and other terms in the series stand for generalized Riemann
curvatures of spin–s fields2 that also contain contributions of derivatives of the fields of lower spin
denoted by dots, as in the case of the Rarita–Schwinger and gravity fields (see [12] for further
details).
The fact that the higher– spin fields should form an infinite–dimensional representation of
the generalized N = 1, D = 4 supersymmetry (2.5) is prompted by the observation that the
spectrum of bosonic fields contains a single real scalar field φ(x), which alone cannot have a
fermionic superpartner, while each field with s > 0 has two helicities ±s. Indeed, from (2.28) we
obtain an infinite entangled chain of supersymmetry transformations for the D = 4 fields
δφ(x) = −iǫµ ψµ(x) , δψµ = −
1
2ǫ
ν(γmνµ ∂mφ+ γ
mn
νµ Fmn),
δFmn = −iǫ
µ
(
Rµmn(x)−
1
2∂[m(γn]ψ)µ
)
, (2.30)
δRµmn(x) =
1
2∂[m(γn]δψ)µ −
1
2ǫ
ν γpνµ ∂pFmn − ǫ
ν γpqνµ
(
Rpq,mn(x)−
1
2∂qηp[m∂n]φ(x)
)
,
and so on.
The algebraic reason behind the appearance of the infinite–dimensional supermultiplet of
the D = 4 higher–spin fields is related to the following fact. In the n = 4, D = 4 case the
superalgebra (2.5) takes the following form
{Qµ, Qν} = (γ
m)µνPm + (γ
mn)µνZmn , (2.31)
where Pm is the momentum along the four–dimensional space–time and Zmn = −Znm are the
tensorial charges associated with the momenta along the extra coordinates ymn.
On the other hand, the conventional N = 1, D = 4 super–Poincare´ algebra is
{Qµ, Qν} = (γ
m)µνPm . (2.32)
Though the both algebras have the same number of the supercharges Qµ, their anti–commutator
closes on different sets of bosonic generators. So the super–Poincare´ algebra (2.32) is not a subal-
gebra of (2.31). Hence the representations of (2.31) do not split into (finite–dimensional) repre-
sentations of the standard super–Poincare´ algebra. In this sense the supersymmetric higher–spin
systems under consideration differ from the most of supersymmetric models of finite–dimensional
super–Poincare´ or AdS higher–spin supermultiplets considered in the literature (see e.g. [29–49]).
2The pairs of the indices separated by the commas are antisymmetrized.
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It will be of interest to study which higher–spin superalgebra, associated with the enveloping
algebra of osp(1|2n), underlies the super–hyperspace system under consideration. In particular,
one should understand whether and how this superalgebra can be embedded into the higher–
spin superalgebra hu(1, 1|2n) considered in [34] and, in the context of hyperspace constructions,
in [4]. For instance, in the D = 4 case the superalgebra hu(1, 1|8) contains osp(2|8) as a finite–
dimensional subalgebra [4], the latter contains the D = 4 superconformal algebra su(1, 1|4) and,
hence, the usual N = 1, D = 4 super–Poincare´ algebra as sub–superalgebras, thus allowing
for an hu(1, 1|8)–invariant higher–spin system to split into the conventional finite–dimensional
N = 1, D = 4 supermultiplets. As we have argued above (see also the comment in the end
of Section 2.2), this is not so for the osp(1|8)–invariant higher–spin model under consideration.
In this respect let us also note that, as has been pointed out e.g. in [57], although higher–spin
superalgebras exist in any space–time dimension D they admit usual finite–dimensional sub–
superalgebras only in space–times of lower dimensions3 such as D = 3, 4, 5 and 7. In other
words, higher–spin supersymmetry does not necessarily imply conventional supersymmetry.
3 Scalar superfields on OSp(1|n) group manifolds and their equa-
tions of motion
3.1 Geometric structure of the OSp(1|n) group manifolds
The geometric structure of the OSp(1|n) group manifolds in the form we shall review below and
use extensively in this paper for the description of higher– spin fields in the associated AdS spaces
has been discussed in [3,7,8,11,24]. The OSp(1|n) superalgebra is formed by n anti–commuting
supercharges Qα and
n(n+1)
2 generators Mαβ =Mβα of Sp(n)
{Qα,Qβ} = 2Mαβ , [Qα,Mβγ ] =
iξ
2 Cα(β Qγ),
[Mαβ ,Mγδ ] = −
iξ
2 (Cγ(αMβ)δ + Cδ(αMβ)γ) , (3.1)
where Cαβ = −Cβα is the Sp(n) invariant symplectic metric and ξ is a parameter of inverse
dimension of length related to the AdS radius via r = 2/ξ (see also [1]). The OSp(1|n) algebra
(3.1) is recognized as a subalgebra of (2.17) with the identifications
Qα = (Qα +
ξ
4
Sα), Mαβ = Pαβ −
ξ2
16
Kαβ −
ξ
4
L(αβ) , (3.2)
where Sα = S
βCβα, Lαβ = Lα
γCγβ and Kαβ = K
γδCγαCδβ .
The OSp(1|n) manifold is parametrized by the coordinates (Xµν , θµ) and its geometry is
described by the Cartan forms
Ω = O−1dO(X, θ) = −iΩαβMαβ + iE
αQα , (3.3)
where O(X, θ) is an OSp(1|n) supergroup element. The Cartan forms satisfy the Maurer–Cartan
equations associated with the OSp(1|n) superalgebra (3.1)
dΩαβ +
ξ
2
Ωαγ ∧ Ωγ
β = −iEα ∧ Eβ, dEα +
ξ
2
Eγ ∧ Ωγ
α = 0 , (3.4)
3The case of D = 6 still has to be analyzed. We thank Mikhail Vasiliev for comments on this issue.
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with the external differential acting from the right.
The Maurer–Cartan equations (3.4) are then solved by the following forms
Ωαβ = dXµνGµ
αGν
β(X) +
i
2
(ΘαDΘβ +ΘβDΘα) = Πµν Gµ
α Gν
β(X,Θ), (3.5)
Eα = P (Θ2)DΘα −ΘαDP (Θ2) (3.6)
where Θ is related to θ through
θα = ΘβG−1αβ P
−1(Θ2), Θ2 = ΘαΘα, P
2(Θ2) = 1 +
iξ
8
Θ2 , (3.7)
while the covariant derivative
DΘα = dΘα +
ξ
4
Θβ ωβ
α(X) , (3.8)
contains the Cartan form of the Sp(n) group manifold
ωαβ(X) = dXµνGµ
α(X)Gν
β(X), (3.9)
and
Gα
β(X,Θ) = Gα
β(X)−
iξ
8
(Θα − 2Gα
γΘγ)Θ
β, G−1βα = δ
α
β +
ξ
4
Xα
β. (3.10)
Note also the relations
θαGα
β = ΘβP (Θ2), θα = ΘβG−1αβ P (Θ
2) , (3.11)
and the fact that the inverse matrix of (3.10) is given by
G−1βα (X,Θ) = G
−1β
α (X)−
iξ
8
(ΘδG−1δα ) (Θ
δ G−1βδ )P
−2(Θ2)
= G−1βα (X)−
iξ
8
θα θ
β = δβα +
ξ
4
(Xα
β −
i
2
θα θ
β). (3.12)
The form of the bosonic Cartan form (3.5) prompts us that the latter is related to the super–
invariant form (2.3) in flat hyper superspace via the GL(n) transformation with matrix element
(3.10). This property was revealed in [7] and called GL–flatness of the OSp(1|n) supermanifold.
It will allow us to generalize the results of [1] and relate the scalar superfield Φ(X, θ) and its
field equation (2.20) in flat superspace to a scalar superfield and its equation of motion on the
supergroup manifold OSp(1|n).
3.2 Scalar superfield on OSp(1|n) and its OSp(1|2n) invariant equation of mo-
tion
The scalar superfield equation on OSp(1|n) takes the form [11](
∇[α∇β] −
iξ
8
Cαβ
)
ΦOSp(X, θ) = 0 , (3.13)
9
where the Grassmann–odd covariant derivatives ∇α and their bosonic counterparts ∇αβ satisfy
the OSp(1|n) superalgebra similar to (3.1), namely
{∇α,∇β} = 2i∇αβ (3.14)
[∇γ ,∇αβ] =
ξ
2
Cγ(α∇β), (3.15)
[∇αβ ,∇γδ] =
ξ
2
(Cα(γ∇δ)β + Cβ(γ∇δ)α) . (3.16)
A somewhat tedious but straightforward algebra then shows that the superfield ΦOSp(X, θ)
satisfying (3.13) is related to the superfield Φ(X, θ) satisfying the flat superspace equation (2.20)
by the super–Weyl transformation
ΦOSp(1|n)(X,Θ) = (detG)
− 1
2 Φflat(X, θ) = (detG)
− 1
2P (Θ2)Φflat(X, θ), (3.17)
while the OSp(1|n) covariant derivatives are obtained from the flat superspace ones by the
following GL (‘generalized superconformal’) transformations
∇α = G
−1µ
α Dµ ,
∇αβ = G
−1µ
α G
−1ν
β
(
∂µν + 2iD(µ ln
(
(detG)
1
2P−1(Θ2)
)
Dν)
)
. (3.18)
Substituting (2.21) into (3.17) and using the definition (3.7), together with the fact that on the
mass shell all higher components in (2.21) vanish, we find
ΦOSp(n)(X,Θ) = (detG)
− 1
2 b(X) + Θα(detG)−
1
2 G−1µα (X) fµ(X) +O(Θ
2, b(X)), (3.19)
where the first two terms are the fields
B(X) = (detG)−
1
2 b(X), Fα(X) = (detG)
− 1
2 G−1µα (X) fµ(X) (3.20)
propagating on the Sp(n) group manifold, and O(Θ2, b(x)) stands for higher order terms in Θ2
which only depend on b(X). The fields (3.20) satisfy the equations of motion
(∇αβ∇γδ −∇αγ∇βδ)B − (3.21)
−
ξ
8
(Cαγ∇βδ − Cαβ∇γδ + Cβδ∇αγ −Cγδ∇αβ + 2Cβγ∇αδ)B −
−( ξ8)
2(CαγCβδ − CαβCγδ + 2CβγCαδ)B = 0 ,
∇αβFγ −∇αγFβ +
ξ
8
(CγαFβ − CβαFγ + 2CγβFα) = 0 , (3.22)
discussed in detail in [1]. Note that in (3.21) and (3.22) the covariant derivatives are restricted
to the bosonic group manifold Sp(n), i.e. ∇αβ = G
−1µ
α (X)G
−1 ν
β (X) ∂µν .
Since the flat superspace field equation is invariant under the generalized superconformal
OSp(1|2n) transformations (2.24), the above relation leads us to conclude that also the OSp(1|n)
superspace equations (3.13) are invariant under the OSp(1|2n) transformations, under which the
superfield ΦOSp(X, θ) varies as
δΦOSp = −(ǫ
µQµ + ξµ S
µ + iaµν Pµν + ikµν K
µν + igµ
ν Lν
µ)ΦOSp
−
1
2
(
gµ
µ − kµν(X
µν +
i
2
θµθν) + ξµ θ
µ
)
ΦOSp . (3.23)
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Here
Pµν = −iDµν = −i(∂µν +
ξ
8
G(αβ)) , (3.24)
and
Qµ = Qµ −
iξ
8
ΘµP (Θ) . (3.25)
Using the relations
QβΘ
α = P−1(Θ2)
(
Gβ
α +
iξ
8
ΘβΘ
α +
iξ
8
Gβ
σΘσΘ
α +
(
iξ
8
)2
Θ2ΘβΘ
α
)
, (3.26)
(QβΘ
α)Θα = P (Θ
2)
(
Gβ
σ +
iξ
8
ΘβΘ
σ
)
Θσ, (3.27)
∂αβΘ
γ =
ξ
4
Θ(αGβ)
δ(δγδ +
iξ
8
ΘδΘ
γ) , (3.28)
DβGα
γ =
iξ
4
P (Θ2) (Θα − 2Gα
ρΘρ)Gβ
γ (3.29)
∂αβGγ
δ =
ξ
4
Gγ(α Gβ)
δ , (3.30)
and
QαGµν = −
iξ
4
P (Θ2)ΘνGµα , (3.31)
one may check that the operators (3.24) and (3.25) obey the flat hyperspace supersymmetry
algebra
[Pµν ,Pρσ ] = 0, {Qµ,Qν} = −2Pµν , [Pµν ,Qρ] = 0 . (3.32)
The other generators of the OSp(1|2n) are
Sµ = −(Xµν +
i
2
θµθν)Qν , Lµ
ν = −2i(Xνρ +
i
2
θνθρ)Dρµ − iθ
ν Qµ , (3.33)
and
Kµν = i(Xµρ +
i
2
θµθρ)(Xνλ +
i
2
θνθλ)Dρλ − iθ
(µSν) . (3.34)
Taking into account the commutation relations (3.32) we see that the operatorsQµ,S
µ,Pµν ,Lµ
ν ,Kµν
obey the same OSp(1|2n) algebra (2.17) as the operators Qµ, S
µ, Pµν , Lµ
ν and Kµν .
4 Correlation functions in N = 1, D = 3 superconformal models
Before considering correlation functions for superfields in hyper superspaces, it is instructive
to discuss in detail analogous structures arising in the superconformal theory of a real scalar
superfield in a conventional N = 1, D = 3 superspace. The reason being that this model is
the simplest example (with n = 1) of the OSp(1|2n) invariant systems considered above. The
physical content of this system is a real scalar and a D = 3 Majorana spinor field whereas the
massless higher– spin fields are absent.
The superconformally invariant two– and three–point correlation functions of the N = 1,
D = 3 model have been constructed in [26] with the use of a slightly different notation. Below
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we shall discuss properties of the two– and three–point functions for the D = 3 scalar superfield
and its components using a formalism which straightforwardly generalizes to higher–dimensional
hyperspaces.
Let us use the spinor–tensor representation for the description of the three–dimensional space–
time coordinates
xαβ = xβα = xm(γm)
αβ , (4.1)
where α, β = 1, 2 are D = 3 spinorial indices and m = 0, 1, 2 is the vectorial one. Since (4.1)
provides a representation of the symmetric 2 × 2 matrices xαβ, no extra coordinates, like ymn,
are present and, hence, no higher– spin fields.
The inverse matrix of (4.1), x−1αβ
xαβ x−1βγ = δ
γ
α , (4.2)
takes the simple form
x−1αβ = −
1
xmxm
xn(γn)αβ = −
1
x2
xαβ . (4.3)
We may now consider a real scalar superfield in D = 3
Φ(x, θ) = φ(x) + iθαfα(x) + θ
αθαF (x) , (4.4)
with φ(x) being a physical scalar, fα(x) a physical fermion and F (x) an auxiliary field.
If (4.4) satisfies the free equation of motion (2.20), which in the D = 3 case reduces to
DαDαΦ = 0 , (4.5)
the auxiliary field F (x) vanishes, the scalar field φ(x) satisfies the massless Klein–Gordon equa-
tion and fα(x) satisfies the massless Dirac equation.
Let us consider a superconformal transformation of(4.4). The Poincare´ supersymmetry trans-
formations read
δΦ(x, θ) = ǫα
(
∂
∂θα
− iθβ
∂
∂xαβ
)
Φ(x, θ) = ǫαQαΦ(x, θ) , (4.6)
and imply the supersymmetry transformations of the component fields
δφ(x) = iǫαfα(x) , (4.7)
δfα(x) = −2iǫαF (x)− ǫ
β∂αβφ(x) , (4.8)
δF (x) =
1
2
ǫα∂αβf
β(x) , (4.9)
where we have made use of the identity
θαθβ =
1
2
Cαβ(θγθγ) . (4.10)
Moreover, under conformal supersymmetry, Φ(x, θ) transforms as
δΦ(x, θ) = ξα(x
αβ +
i
2
θαθβ)QβΦ(x, θ)− i(ξαθ
α)∆Φ(x, θ) , (4.11)
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where ∆ is the conformal weight of the superfield. The superconformal transformations of the
component fields are given by
δφ(x) = iξα x
αβfβ(x), (4.12)
δfα(x) = −2iξβ x
β
αF (x) + ξβ x
βγ ∂γαφ(x) + ξα∆φ(x), (4.13)
δF (x) =
1
2
ξα x
αβ∂βγf
γ(x)−
1
2
ξα
(
1
2
−∆
)
fα(x). (4.14)
The conformal weights of φ, fα and F are ∆, ∆ +
1
2 and ∆ + 1, respectively.
It should be noted that the field equation (4.5) is superconformally invariant if the superfield
Φ(x, θ) has the canonical conformal weight ∆ = 12 .
4.1 Two–point functions
The form of correlation functions in superconformal theories is drastically restricted by the
requirement of their superconformal invariance.
The two–point correlation function of the superfield Φ(x, θ) with conformal weight ∆ is ob-
tained by first solving the superconformalWard identities which involve Q– and S–supersymmetry
transformations. The invariance under bosonic translations, rotations, conformal boosts and di-
lations then follows as a consequence of the properties of the superconformal algebra. The Q–
and S–supersymmetry Ward identities are
ǫµ
(
∂
∂θµ1
− iθν1
∂
∂xµν1
+
∂
∂θµ2
− iθν2
∂
∂xµν2
)
〈Φ(x1, θ1)Φ(x2, θ2)〉 = 0 , (4.15)
and
ξµ
[
(Xµν1 +
i
2
θµ1θ
ν
1 )
(
∂
∂θν1
− iθρ1
∂
∂xνρ1
)
+ (Xµν2 +
i
2
θµ2 θ
ν
2 )
(
∂
∂θν2
− iθρ2
∂
∂xνρ2
)]
·〈Φ(x1, θ1)Φ(x2, θ2)〉+ i∆ ξµ (θ
µ
1 + θ
µ
2 ) 〈Φ(x1, θ1)Φ(x2, θ2)〉 = 0 .
The solution to these equations takes the form
〈Φ(x1, θ1)Φ(x2, θ2)〉 = c2(det|z12|)
−∆ , (4.16)
where c2 is an arbitrary normalization constant and
zµνij = x
µν
i − x
µν
j −
i
2
θµi θ
ν
j −
i
2
θνi θ
µ
j , (4.17)
is invariant under Q–supersymmetry. As usual, for the two–point function to be non–vanishing,
the conformal weights of the two superfields should be equal.
Expanding the expression on the right hand side of (4.16) in powers of θ, we obtain
(det|z12|)
−∆ = (det|x12|)
−∆ − i∂αβ(det|x12|)
−∆ θ
(α
1 θ
β)
2
−
1
2
∂γδ∂αβ(det|x12|)
−∆ θ
(α
1 θ
β)
2 θ
(γ
1 θ
δ)
2 .
(4.18)
Using the identities
∂αβ(det|x|)
−∆ = −∆x−1αβ det|x|
−∆ , (4.19)
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and
∂αβ∂γδ(det|x|)
−∆ = ∆
(
∆x−1αβx
−1
γδ +
1
2
x−1αγx
−1
βδ +
1
2
x−1βγx
−1
αδ
)
(det|x|)−∆ , (4.20)
one may rewrite the expression (4.18) as
(det |z12|)
−∆ = (det |x12|)
−∆
(
1− i∆
xm12(γm)αβ
x212
θα1 θ
β
2 −
(2∆ − 1)∆
4
1
x212
θ21θ
2
2
)
. (4.21)
Thus, from equations (4.18) or (4.21), one may immediately read off the expressions for the
correlation functions of the component fields of the superfield (4.4).
〈φ(x1)φ(x2)〉 = c2(det|x12|)
− 1
2 , (4.22)
〈fα(x1)fβ(x2)〉 = −ic2∂αβ(det|x12|)
− 1
2 , 〈φ(x1)fα(x2)〉 = 0 , (4.23)
〈F (x1)φ(x2)〉 = 0 , 〈F (x1)fα(x2)〉 = 0 . (4.24)
〈F (x1)F (x2)〉 = −
c2
8
∂αβ∂αβ(det|x|)
−∆ . (4.25)
Let us note that when the superfield Φ(x, θ) has the canonical conformal dimension ∆ = 12 ,
due to the identity
CαγCβδ∂1αβ∂
1
γδ(det|x12|)
− 1
2 = −
1
2
ηmn
∂
∂xm1
∂
∂xn1
(det|x12|)
− 1
2 (4.26)
the last term in (4.18) is proportional to the δ–function if one moves to the Euclidean signature.
Then one has for the two–point function for the auxiliary field
〈F (x1)F (x2)〉 = −
π
4
c2δ
(3)(x1 − x2). (4.27)
Note that the correlation functions of the auxiliary field F with the physical fields and with itself
(for xm1 6= x
m
2 ) vanish.
On the other hand, if the conformal weight of the superfield (4.4) is anomalous, i.e. ∆ 6= 12 ,
the correlators of the auxiliary field with the physical ones still vanish (in agreement with the
fact that their conformal weights are different), but the 〈FF 〉 correlator is
〈F (x1)F (x2)〉 = −c2
(2∆ − 1)∆
4
1
x212
(det |x12|)
−∆ = −c2
(2∆ − 1)∆
4
(det |x12|)
−∆−1. (4.28)
This situation may correspond to an interacting quantumN = 1 superconformal field theory [58],
where the auxiliary field is non–zero, and fields acquire anomalous dimensions due to quantum
corrections.
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4.2 Three–point functions
We now consider three–point functions involving three real scalar superfields carrying scaling di-
mensions ∆i (i=1,2,3). Solving the superconformal Ward identities for Q– and S–supersymmetry
transformations we find
〈Φ∆1(x1, θ1)Φ
∆2(x2, θ2)Φ
∆3(x3, θ3)〉 = c3(det |z12|)
−k1(det |z23|)
−k2(det |z31|)
−k3 , (4.29)
where
k1 =
1
2
(∆1 +∆2 −∆3) , k2 =
1
2
(∆2 +∆3 −∆1) , k3 =
1
2
(∆3 +∆1 −∆2) . (4.30)
Using the expansion (4.21), one obtains the three–point functions of the component fields of
Φ∆1(x1, θ1), Φ
∆2(x2, θ2) and Φ
∆3(x3, θ3), whose labels of scaling dimension we skip for simplicity
〈φ(x1)φ(x2)φ(x3)〉 = c3(det |x12|)
−k1(det |x23|)
−k2(det |x31|)
−k3 , (4.31)
〈fα(x1)fβ(x2)φ(x3)〉 = (4.32)
= −ic3
k1x
m
12(γm)αβ
x212
(det |x12|)
−k1(det |x23|)
−k2(det |x31|)
−k3
= −ic3k1x
m
12(γm)αβ(det |x12|)
−k1−1(det |x23|)
−k2(det |x31|)
−k3 , (4.33)
〈fα(x1)F (x2)fβ(x3)〉 =
= c3
k1k2
2x212x
2
23
(γm)α
δ(γn)δβ(x
m
12)(x
n
23)(det |x12|)
−k1(det |x23|)
−k2(det |x31|)
−k3
= c3
k1k2
2
(γm)α
δ(γn)δβ(x
m
12)(x
n
23)(det |x12|)
−k1−1(det |x23|)
−k2−1(det |x31|)
−k3 . (4.34)
〈F (x1)F (x2)φ(x3)〉 = −
c3
8
∂m∂m((det |x12|)
−k1)(det |x23|)
−k2(det |x31|)
−k3 (4.35)
The remaining three–point functions containing an odd number of fermions, as well as the
correlator 〈Fφφ〉, vanish. Note that, dimensional arguments would allow for a non–zero 〈Fφφ〉
correlator, but supersymmetry forces it to vanish. The correlator 〈F (x1)F (x2)F (x3)〉 is zero as
well, since it is proportional to (γmγnγp)x
m
12x
n
23x
p
31 = 2iǫmnpx
m
12x
n
23x
p
31 = 0.
Moreover, from the above expressions we see that superconformal symmetry does not fix the
values of the scaling dimensions ∆i (4.30) entering the right hand side of (4.29). This indicates
that quantum operators may acquire anomalous dimensions and the quantum N = 1, D = 3
superconformal theory of scalar superfields can be non–trivial, in agreement e.g. with the results
of [58].
If the value of ∆ were restricted by superconformal symmetry to its canonical value and
no anomalous dimensions were allowed (for all the operators which are not protected by super-
symmetry) one would conclude that the conformal fixed point is that of the free theory. This
is the case, for instance, for the N = 1, D = 4 Wess–Zumino model in which the chirality of
N = 1 matter multiplets and their three–point functions restricts the scaling dimensions of the
chiral scalar supermultiplets to be canonical. This implies that in the conformal fixed point the
coupling constant is zero, i.e. the theory is free [59,60].
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5 Correlation functions in OSp(1|2n)–invariant models
Following the example of the N = 1, D = 3 superconformally invariant model of the previ-
ous section, we now proceed to compute correlation functions on hyper superspace for generic
OSp(1|2n) invariant models. Again, it is sufficient to require the invariance of the correlation
functions under Q– and S–supersymmetry transformations. The invariance under the general-
ized translations, rotations and conformal transformations will then be guaranteed by the form
of the OSp(1|2n) superalgebra. As we will see, the form of the super–correlators will be exactly
the same as in the D = 3 case with only difference that the superinvariant intervals (4.17) are
now n× n matrices.
5.1 Two–point functions
Let us denote the two-point correlation function by
W (Z1, Z2) = 〈Φ(X1, θ1)Φ(X2, θ2)〉 . (5.1)
The invariance under Q–supersymmetry requires
ǫµ
(
∂
∂θµ1
− iθν1
∂
∂Xµν1
+
∂
∂θµ2
− iθν2
∂
∂Xµν2
)
W (Z1, Z2) = 0 , (5.2)
which implies
〈Φ(X1, θ1)Φ(X2, θ2)〉 =W (det|Z12|), (5.3)
where
Zµν12 = X
µν
1 −X
µν
2 −
i
2
θµ1 θ
ν
2 −
i
2
θν1θ
µ
2 (5.4)
is the interval between two points in hyper–superspace which is invariant under the rigid super-
symmetry transformations (2.2).
We next impose invariance of the correlator under the S–supersymmetry transformation
ξµ
[
(Xµν1 +
i
2
θµ1 θ
ν
1)
(
∂
∂θν1
− iθρ1
∂
∂Xνρ1
)
+ (Xµν2 +
i
2
θµ2 θ
ν
2)
(
∂
∂θν2
− iθρ2
∂
∂Xνρ2
)]
W (det|Z12|)
+ξµ
(
i
2
θµ1 +
i
2
θµ2
)
W (det|Z12|) = 0 , (5.5)
which is solved by
W (det|Z12|) = c2(det|Z12|)
− 1
2 ⇒ 〈Φ(X1, θ1)Φ(X2, θ2)〉 = c2(det|Z12|)
− 1
2 . (5.6)
The two–point function (5.6) reproduces the correlators of the component bosonic and fermionic
hyperfields b(X) and fµ(X) after the expansion of the former in powers of the Grassmann coor-
dinates θ
(µ
1 θ
ν)
2 . Since on the mass shell the superfield (2.21) has only two non–zero components,
all terms in the θ-expansion of the two-point function (5.6), starting from the ones quadratic in
θ
(µ
1 θ
ν)
2 , should vanish. This is indeed the case, as a consequence of the field equations.
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To see this, let us recall that in the separated points the two–point function of the bosonic
hyperfield of weight 12 satisfies the free field equation. Therefore for X
1
αβ 6= X
2
αβ one has
4
(∂1µν∂
1
ρσ − ∂
1
µρ∂
1
νσ)〈b(X1)b(X2)〉 = (∂
1
µν∂
1
ρσ − ∂
1
µρ∂
1
νσ)(det|X12|)
− 1
2 = 0 . (5.7)
Similarly, for X1αβ 6= X
2
αβ the fermionic two–point function satisfies the free field equation for
the fermionic hyperfield. Written in terms of the superfields, these equations are encoded in the
superfield equation
(D1µD
1
ν−D
1
νD
1
µ)〈Φ(X1, θ1)Φ(X2, θ2)〉 = (D
1
µD
1
ν−D
1
νD
1
µ)(det|Z12|)
− 1
2 = 0 (for Z12 6= 0). (5.8)
Expanding the two–point function (det|Z12|)
− 1
2 in powers of the Grassmann theta–variables
(det|Z12|)
− 1
2 =
(det|X12|)
− 1
2 − i∂αβ(det|X12|)
− 1
2 θ
(α
1 θ
β)
2 −
1
2
∂γδ∂αβ(det|X12|)
− 1
2 θ
(α
1 θ
β)
2 θ
(γ
1 θ
δ)
2 + . . . ,
(5.9)
one may see that terms in the expansion starting from (θ
(µ
1 θ
ν)
2 )
2 vanish due to the free field
equation (5.7). From equations (5.6), (5.9) and from the explicit form of the superfield (2.21),
one may immediately reproduce the correlation functions for the component fields [10]
〈b(X1)b(X2)〉 = c2(det|X12|)
− 1
2 , 〈fµ(X1)fν(X2)〉 =
ic2
2
(X12)
−1
µν (det|X12|)
− 1
2 . (5.10)
Notice also that, contrary to the non–supersymmetric case, where the two–point functions for
bosonic and fermionic hyperfields contain an independent normalization constant each, in the
supersymmetric case the number of independent constants is reduced to one.
The two–point functions on the OSp(1|n) manifold may now be obtained from (5.6) via
the rescaling (3.17), which relates the superfields in flat superspace and on the OSp(1|n) group
manifold
〈ΦOSp(X1, θ1)ΦOSp(X2, θ2)〉 = (5.11)
(detG(X1))
− 1
2P (Θ21)(detG(X2))
− 1
2P (Θ22)〈Φ(X1, θ1)Φ(X2, θ2)〉 .
Finally, as in the D = 3 case, one may derive the superconformally invariant two–point func-
tion for superfields carrying an arbitrary generalized conformal weight ∆, which on flat hyper
superspace has the form
〈Φ∆1(X1, θ1)Φ
∆2(X2, θ2)〉 = c2(det|Z12|)
−∆ , ∆1 = ∆2 = ∆ . (5.12)
In principle, in order to obtain the OSp(1|n) correlator, as in the case ∆ = 12 , one may apply to
(5.12) a Weyl rescaling similar to (5.11). However, when ∆ 6= 12 the superfields no longer satisfy
the quadratic equations (2.20) and (3.13), because the latter equations are superconformally
invariant only for ∆ = 12 . Thus, fixing the power of (detG(X))
− 1
2P (Θ2) in the Weyl transform
of quantities carrying anomalous dimensions remains an interesting open problem.
4When the two points coincide, one can define an analog of the Dirac delta function in the tensorial spaces,
see [5] for the relevant discussion.
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5.2 Three–point functions
The three–point functions for the superfields with arbitrary generalized conformal dimensions
∆i, (i = 1, 2, 3)
W (Z1, Z2, Z3) = 〈Φ(X1, θ1)Φ(X2, θ2)Φ(X3, θ3)〉 , (5.13)
may be computed in a way similar to the two–point functions using the superconformal Ward
identities. The invariance under Q–supersymmetry implies that they depend on the superinvari-
ant intervals Zij, i.e.
〈Φ(X1, θ1)Φ(X2, θ2)Φ(X3, θ3)〉 =W (Z12, Z23, Z31) , (5.14)
where
Zµνij = X
µν
i −X
µν
j −
i
2
(θµi θ
ν
j + θ
ν
i θ
µ
j ) , i, j = 1, 2, 3 . (5.15)
Invariance under S–supersymmetry then fixes the form of the function W to be
〈Φ(X1, θ1)Φ(X2, θ2)Φ(X3, θ3)〉 =
= c3(detZ12)
− 1
2
(∆1+∆2−∆3)(detZ23)
− 1
2
(∆2+∆3−∆1)(detZ31)
− 1
2
(∆3+∆1−∆2) .
(5.16)
Let us note that the three–point function is not annihilated by the operator entering the free
equations of motion (2.20) for generic values of the generalized conformal dimensions, including
the case in which the values of all the generalized conformal dimensions are canonical
(D1µD
1
ν −D
1
νD
1
µ)〈Φ(X1, θ1),Φ(X2, θ2),Φ(X2, θ2)〉 =
= c3(D
1
µD
1
ν −D
1
νD
1
µ)
(
(det|Z12|)
− 1
4 (det|Z23|)
− 1
4 (det|Z31|)
− 1
4
)
6= 0 .
The component analysis of the superfield three–point correlation function (5.16) proceeds in the
same way as in the N = 1, D = 3 case of Section 4.2. The difference lies, however, in the
presence of many more auxiliary fields.
Again, the three–point functions on the supergroup manifold OSp(1|n) can be obtained via
the Weyl rescaling (3.17), as in the case of the two–point functions, eq. (5.11).
5.3 Four–point functions
Finally, let us consider, first in flat hyper superspace, the correlation function of four real scalar
superfields with arbitrary generalized conformal dimensions, ∆i (with i = 1, 2, 3, 4)
W (Z1, Z2, Z3) = 〈Φ(X1, θ1)Φ(X2, θ2)Φ(X3, θ3)Φ(X4, θ4)〉 . (5.17)
Invariance under Q–supersymmetry again implies that the correlation function depends only on
the superinvariant intervals Zµνij (5.15). Following the analogy with conventional conformal field
theory we find
W (X1,X2,X3,X4) = c4
∏
ij,i<j
1
(det |Zij |)
kij
W˜
(
z, z′
)
, (5.18)
with W being an arbitrary function of the cross-ratios
z = det
(
|Z12||Z34|
|Z13||Z24|
)
, z′ = det
(
|Z12||Z34|
|Z23||Z14|
)
, (5.19)
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subject to the crossing symmetry constraints
W˜ (z, z′) = W˜
(
1
z
,
z′
z
)
= W˜
(
z
z′
,
1
z′
)
. (5.20)
Furthermore, the kij ’s are constrained by invariance of the four–point function under the S–
supersymmetry to satisfy ∑
j 6=i
kij = ∆i . (5.21)
Similarly to the case of two– and three–point functions, the four–point function of the scalar
superfields on OSp(1|n) can be obtained from (5.18) via the Weyl re–scaling (3.17).
6 Conclusion and outlook
A detailed study of the OSp(1|2n)–invariant generalized superconformal theories is still an inter-
esting open problem, which is important for better understanding the properties of conformally
invariant higher– spin field theories (see e.g. [61–69] for recent progress in studying conformal
higher– spin fields). Our results are a further step in this direction. Following the program out-
lined in [1], we have extended the results on the structure of Sp(2n)–invariant field equations to
supersymmetric higher– spin systems. We constructed generalized superconformal transforma-
tions relating the field equation on flat hyper–superspace and on OSp(1|n) supergroup manifolds,
which correspond to a generalization of supersymmetric AdS spaces. We computed the two–,
three– and four–point functions of real hyper–superfields both on flat and on OSp(1|n) super-
group manifolds and, as a simple illustration of our approach, applied this technique to the
example of N = 1, D = 3 superconformal theory of scalar superfields.
It is important to further study possible interactions (which might be associated with non–
trivial three– and four–point correlation functions) in this type of models. Since a Lagrangian
description of OSp(1|2n) invariant field equations is still not known even in the free case, one
can approach the problem using non–Lagrangian methods similar to those in Conformal Field
Theories (see for example [70]). Following these methods one can try to introduce OSp(1|2n)
invariant vertexes and compute explicit expressions for anomalous dimensions for generalized
conformal weights. Recall that according to the results of Section 5 the Ward identities for
three– and four–point functions do not necessarily require the values of the generalized conformal
weights to be canonical, therefore one may expect interesting outcomes of this study.
The question of the existence of anomalous values for generalized conformal dimensions can be
related to the question of a possible breaking of OSp(1|2n) symmetry down to a corresponding
AdSD (super)symmetry. In this respect one can also note that the hyperspace formulation
considered in this paper does not involve higher–spin gauge field potentials, but only their field
strengths. So far higher–spin potentials have been introduced only in an unfolded extension of
the hyperspace formulation of D = 4 higher–spin fields in such a way that the resulting equations
are invariant under SU(2, 2) and O(3, 3) subgroups of the original Sp(8) symmetry, motivating to
speculate on their origin due to a mechanism of spontaneous breaking of higher–spin and Sp(8)
symmetries [13]. Further study in this direction may help in searching for interacting systems of
fields on hyper-(super)spaces and their possible connection to Vasiliev’s interacting higher–spin
gauge theories.
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It would be also of interest to consider in detail the implication of our results in the framework
of higher–spin AdS/CFT correspondence. The origin of higher–spin holographic duality can be
traced back [4] to the work of Flato and Fronsdal [71] who showed that the tensor product of
single-particle states of a 3D massless conformal scalar and spinor fields (singletons) produces the
tower of all single–particle representations of 4D massless fields whose spectrum matches that of
4D higher–spin gauge theories. The hyperspace formulation provides an explicit field theoretical
realization of the Flato–Fronsdal theorem in which higher–spin fields are also “packed” in a single
scalar and spinor fields, though propagating in hyperspace. The relevance of the hyperspace
formulation to holography has been pointed out in [4,72]. In this interpretation, holographically
dual theories share the same unfolded formulation in extended spaces which contains twistor–
like (or oscillator) variables and each of these theories corresponds to a different reduction, or
“visualization”, of the same “master” theory. For instance, the higher–spin field equations in
either ordinary space–time or hyperspace can be obtained from the same set of unfolded equations
[4, 6–8]. Depending on the number of twistorial coordinates of the unfolded formulation, one
can obtain hyperfields of different ranks which can be fundamental fields, bi–fundamental fields
(currents) etc. [9]. A connection between these fields in different dimensions can be established
via embedding of lower–dimensional hyperspaces into higher– dimensional ones [19]. Thus, one
can conclude that the hyperspace formulation provides an extra and potentially powerful tool
for studying higher–spin AdS/CFT correspondence.
A detailed study of the higher–spin content of field equations on higher–dimensional curved
hyper–superspaces, as well as their underlying higher–spin superalgebras containing OSp(1|n),
is yet another interesting issue. We hope to address these problems in future work.
Acknowledgments
We are grateful to I.Bandos, N. Berkovits, S. Kuzenko, I. Samsonov, M. Vasiliev and P. West for
fruitful discussions. The work of D.S. was partially supported by the Padova University Project
CPDA119349, the INFN Special Initiative ST&FI and by the Russian Science Foundation grant
14-42-00047 in association with Lebedev Physical Institute. D.S. would also like to acknowledge
the warm hospitality extended to him at the Faculty of Education, Science, Technology and
Mathematics, University of Canberra, during an intermediate stage of this work. M.T. would
like to thank the Department of Physics, the University of Auckland, where part of this work
has been performed, for its kind hospitality. The work of M.T. has been supported in part by
an Australian Research Council grant DP120101340. M.T. would also like to acknowledge grant
31/89 of the Shota Rustaveli National Science Foundation.
References
[1] I. Florakis, D. Sorokin, and M. Tsulaia, “Higher Spins in Hyperspace,”
JHEP 1407 (2014) 105, arXiv:1401.1645 [hep-th].
[2] C. Fronsdal, “Massless particles, orthosymplectic symmetry and another type of
Kaluza–Klein theory,”
1985, UCLA-85-TEP-10. Published in “Fronsdal, C. (Ed.): Essays On Supersymmetry”, Dordrecht, Netherlands: Reidel (Mathematical Physics Studies), 1986, pp. 163-265.
[3] I. A. Bandos, J. Lukierski, and D. P. Sorokin, “Superparticle models with tensorial central
charges,” Phys. Rev. D61 (2000) 045002, arXiv:hep-th/9904109.
20
[4] M. A. Vasiliev, “Conformal higher spin symmetries of 4D massless supermultiplets and
osp(L, 2M) invariant equations in generalized (super)space,”
Phys. Rev. D66 (2002) 066006, arXiv:hep-th/0106149.
[5] M. Vasiliev, “Relativity, causality, locality, quantization and duality in the S(p)(2M)
invariant generalized space-time,” arXiv:hep-th/0111119 [hep-th].
[6] V. E. Didenko and M. A. Vasiliev, “Free Field Dynamics in the Generalized AdS
(Super)Space,” J. Math. Phys. 45 (2004) 197–215, arXiv:hep-th/0301054.
[7] M. Plyushchay, D. Sorokin, and M. Tsulaia, “Higher spins from tensorial charges and
OSp(N |2n) symmetry,” JHEP 04 (2003) 013, arXiv:hep-th/0301067.
[8] M. Plyushchay, D. Sorokin, and M. Tsulaia, “GL flatness of OSp(1|2n) and higher spin
field theory from dynamics in tensorial spaces,” arXiv:hep-th/0310297.
[9] O. A. Gelfond and M. A. Vasiliev, “Higher rank conformal fields in the Sp(2M) symmetric
generalized space-time,” Theor. Math. Phys. 145 (2005) 1400–1424,
arXiv:hep-th/0304020.
[10] M. Vasiliev and V. Zaikin, “On Sp(2M) invariant Green functions,”
Phys.Lett. B587 (2004) 225–229, arXiv:hep-th/0312244 [hep-th].
[11] I. Bandos, P. Pasti, D. Sorokin, and M. Tonin, “Superfield theories in tensorial superspaces
and the dynamics of higher spin fields,” JHEP 11 (2004) 023, arXiv:hep-th/0407180.
[12] I. Bandos, X. Bekaert, J. A. de Azcarraga, D. Sorokin, and M. Tsulaia, “Dynamics of
higher spin fields and tensorial space,” JHEP 05 (2005) 031, arXiv:hep-th/0501113.
[13] M. Vasiliev, “On Conformal, SL(4,R) and Sp(8,R) Symmetries of 4d Massless Fields,”
Nucl.Phys. B793 (2008) 469–526, arXiv:0707.1085 [hep-th].
[14] E. Ivanov, “Nonlinear Realizations in Tensorial Superspaces and Higher Spins,”
arXiv:hep-th/0703056 [HEP-TH].
[15] P. C. West, “E(11) and higher spin theories,” Phys.Lett. B650 (2007) 197–202,
arXiv:hep-th/0701026 [hep-th].
[16] O. A. Gelfond and M. A. Vasiliev, “Higher Spin Fields in Siegel Space, Currents and
Theta Functions,” JHEP 03 (2009) 125, arXiv:0801.2191 [hep-th].
[17] O. Gelfond and M. Vasiliev, “Sp(8) invariant higher spin theory, twistors and geometric
BRST formulation of unfolded field equations,” JHEP 0912 (2009) 021,
arXiv:0901.2176 [hep-th].
[18] O. Gelfond and M. Vasiliev, “Unfolding Versus BRST and Currents in Sp(2M) Invariant
Higher-Spin Theory,” arXiv:1001.2585 [hep-th].
[19] O. Gelfond and M. Vasiliev, “Unfolded Equations for Current Interactions of 4d Massless
Fields as a Free System in Mixed Dimensions,” arXiv:1012.3143 [hep-th].
21
[20] I. A. Bandos, J. A. de Azcarraga, and C. Meliveo, “Extended supersymmetry in massless
conformal higher spin theory,” Nucl.Phys. B853 (2011) 760–776,
arXiv:1106.5199 [hep-th].
[21] S. Fedoruk and J. Lukierski, “New spinorial particle model in tensorial space-time and
interacting higher spin fields,” JHEP 1302 (2013) 128, arXiv:1210.1506 [hep-th].
[22] O. Gelfond and M. Vasiliev, “Higher-Rank Fields and Currents,”
arXiv:1312.6673 [hep-th].
[23] V. Didenko and E. Skvortsov, “Exact higher-spin symmetry in CFT: all correlators in
unbroken Vasiliev theory,” arXiv:1210.7963 [hep-th].
[24] I. A. Bandos, J. Lukierski, C. Preitschopf, and D. P. Sorokin, “OSp supergroup manifolds,
superparticles and supertwistors,” Phys. Rev. D61 (2000) 065009,
arXiv:hep-th/9907113.
[25] J.-H. Park, “N=1 superconformal symmetry in four-dimensions,”
Int.J.Mod.Phys. A13 (1998) 1743–1772, arXiv:hep-th/9703191 [hep-th].
[26] J.-H. Park, “Superconformal symmetry in three-dimensions,”
J.Math.Phys. 41 (2000) 7129–7161, arXiv:hep-th/9910199 [hep-th].
[27] S. M. Kuzenko and S. Theisen, “Correlation functions of conserved currents in N=2
superconformal theory,” Class.Quant.Grav. 17 (2000) 665–696,
arXiv:hep-th/9907107 [hep-th].
[28] F. Dolan and H. Osborn, “Conformal four point functions and the operator product
expansion,” Nucl.Phys. B599 (2001) 459–496, arXiv:hep-th/0011040 [hep-th].
[29] T. Curtright, “Massless field supermultiplets with arbitrary spin,”
Phys. Lett. B85 (1979) 219.
[30] M. A. Vasiliev, “’Gauge’ form of description of massless fields with arbitrary spin. (in
Russian),” Yad. Fiz. 32 (1980) 855–861.
[31] M. P. Bellon and S. Ouvry, “D = 4 Supersymmetry for Gauge Fields of Any Spin,”
Phys.Lett. B187 (1987) 93.
[32] E. S. Fradkin and M. A. Vasiliev, “Superalgebra of higher spins and auxiliary fields,”
Int. J. Mod. Phys. A3 (1988) 2983.
[33] E. Bergshoeff, A. Salam, E. Sezgin, and Y. Tanii, “Singletons, Higher Spin Massless States
and the Supermembrane,” Phys.Lett. B205 (1988) 237.
[34] S. E. Konstein and M. A. Vasiliev, “Extended higher spin superalgebras and their massless
representations,” Nucl. Phys. B331 (1990) 475–499.
[35] S. Kuzenko, A. Sibiryakov, and V. Postnikov, “Massless gauge superfields of higher half
integer superspins,” JETP Lett. 57 (1993) 534–538.
22
[36] S. Kuzenko and A. Sibiryakov, “Massless gauge superfields of higher integer superspins,”
JETP Lett. 57 (1993) 539–542.
[37] S. Kuzenko and A. Sibiryakov, “Free massless higher superspin superfields on the anti-de
Sitter superspace,” Phys.Atom.Nucl. 57 (1994) 1257–1267, arXiv:1112.4612 [hep-th].
[38] I. Buchbinder, S. Kuzenko, and A. Sibiryakov, “Quantization of higher spin superfields in
the anti-De Sitter superspace,” Phys.Lett. B352 (1995) 29–36,
arXiv:hep-th/9502148 [hep-th].
[39] J. Gates, S. James, S. M. Kuzenko, and A. G. Sibiryakov, “N=2 supersymmetry of higher
superspin massless theories,” Phys.Lett. B412 (1997) 59–68,
arXiv:hep-th/9609141 [hep-th].
[40] J. Gates, S. James, S. M. Kuzenko, and A. G. Sibiryakov, “Towards a unified theory of
massless superfields of all superspins,” Phys.Lett. B394 (1997) 343–353,
arXiv:hep-th/9611193 [hep-th].
[41] E. Sezgin and P. Sundell, “Higher spin N=8 supergravity,” JHEP 9811 (1998) 016,
arXiv:hep-th/9805125 [hep-th].
[42] K. B. Alkalaev and M. A. Vasiliev, “N = 1 supersymmetric theory of higher spin gauge
fields in AdS(5) at the cubic level,” Nucl. Phys. B655 (2003) 57–92,
arXiv:hep-th/0206068.
[43] J. Engquist, E. Sezgin, and P. Sundell, “Superspace formulation of 4-D higher spin gauge
theory,” Nucl.Phys. B664 (2003) 439–456, arXiv:hep-th/0211113 [hep-th].
[44] E. Sezgin and P. Sundell, “Supersymmetric Higher Spin Theories,”
J.Phys. A46 (2013) 214022, arXiv:1208.6019 [hep-th].
[45] Y. Zinoviev, “Massive N=1 supermultiplets with arbitrary superspins,”
Nucl.Phys. B785 (2007) 98–114, arXiv:0704.1535 [hep-th].
[46] A. Fotopoulos and M. Tsulaia, “Gauge Invariant Lagrangians for Free and Interacting
Higher Spin Fields. A Review of the BRST formulation,”
Int. J. Mod. Phys. A24 (2009) 1–60, arXiv:0805.1346 [hep-th].
[47] J. Gates, S. James and K. Koutrolikos, “On 4D,N = 1 massless gauge superfields of
arbitrary superhelicity,” JHEP 1406 (2014) 098, arXiv:1310.7385 [hep-th].
[48] S. J. J. Gates and K. Koutrolikos, “On 4D, N = 1 Massless Gauge Superfields of Higher
Superspin: Half-Odd-Integer Case,” arXiv:1310.7386 [hep-th].
[49] C. Candu, C. Peng, and C. Vollenweider, “Extended supersymmetry in AdS3 higher spin
theories,” arXiv:1408.5144 [hep-th].
[50] D. Francia and A. Sagnotti, “On the geometry of higher-spin gauge fields,” Class. Quant.
Grav. 20 (2003) S473–S486, arXiv:hep-th/0212185.
[51] A. Campoleoni and D. Francia, “Maxwell-like Lagrangians for higher spins,”
JHEP 1303 (2013) 168, arXiv:1206.5877 [hep-th].
23
[52] I. A. Bandos, E. Ivanov, J. Lukierski, and D. Sorokin, “On the superconformal flatness of
AdS superspaces,” JHEP 0206 (2002) 040, arXiv:hep-th/0205104 [hep-th].
[53] S. M. Kuzenko and G. Tartaglino-Mazzucchelli, “Three-dimensional N=2 (AdS)
supergravity and associated supercurrents,” JHEP 1112 (2011) 052,
arXiv:1109.0496 [hep-th].
[54] S. M. Kuzenko, U. Lindstrom, and G. Tartaglino-Mazzucchelli, “Three-dimensional (p,q)
AdS superspaces and matter couplings,” JHEP 1208 (2012) 024,
arXiv:1205.4622 [hep-th].
[55] I. Samsonov and D. Sorokin, “Superfield theories on S3 and their localization,”
JHEP 1404 (2014) 102, arXiv:1401.7952 [hep-th].
[56] S. M. Kuzenko and D. Sorokin, “Superconformal structures on the three-sphere,”
JHEP 1410 (2014) 80, arXiv:1406.7090 [hep-th].
[57] M. Vasiliev, “Higher spin superalgebras in any dimension and their representations,”
JHEP 0412 (2004) 046, arXiv:hep-th/0404124 [hep-th].
[58] F. Synatschke, J. Braun, and A. Wipf, “N=1 Wess Zumino Model in d=3 at zero and
finite temperature,” Phys.Rev. D81 (2010) 125001, arXiv:1001.2399 [hep-th].
[59] S. Ferrara, J. Iliopoulos, and B. Zumino, “Supergauge Invariance and the Gell-Mann - Low
Eigenvalue,” Nucl.Phys. B77 (1974) 413.
[60] B. Conlong and P. C. West, “Anomalous dimensions of fields in a supersymmetric quantum
field theory at a renormalization group fixed point,” J.Phys. A26 (1993) 3325–3332.
[61] A. Gover, A. Shaukat, and A. Waldron, “Tractors, Mass and Weyl Invariance,”
Nucl.Phys. B812 (2009) 424–455, arXiv:0810.2867 [hep-th].
[62] R. Metsaev, “Gauge invariant two-point vertices of shadow fields, AdS/CFT, and
conformal fields,” Phys.Rev. D81 (2010) 106002, arXiv:0907.4678 [hep-th].
[63] R. Metsaev, “CFT adapted approach to massless fermionic fields, AdS/CFT, and
fermionic conformal fields,” arXiv:1311.7350 [hep-th].
[64] R. Metsaev, “Arbitrary spin conformal fields in (A)dS,” arXiv:1404.3712 [hep-th].
[65] M. S. Costa, J. Penedones, D. Poland, and S. Rychkov, “Spinning Conformal Correlators,”
JHEP 1111 (2011) 071, arXiv:1107.3554 [hep-th].
[66] J. Maldacena and A. Zhiboedov, “Constraining Conformal Field Theories with A Higher
Spin Symmetry,” arXiv:1112.1016 [hep-th].
[67] Y. S. Stanev, “Correlation Functions of Conserved Currents in Four Dimensional
Conformal Field Theory,” arXiv:1206.5639 [hep-th].
[68] S. Giombi, I. R. Klebanov, S. S. Pufu, B. R. Safdi, and G. Tarnopolsky, “AdS Description
of Induced Higher-Spin Gauge Theory,” JHEP 1310 (2013) 016,
arXiv:1306.5242 [hep-th].
24
[69] T. Nutma and M. Taronna, “On conformal higher spin wave operators,”
JHEP 1406 (2014) 066, arXiv:1404.7452 [hep-th].
[70] A. Petkou, “Conserved currents, consistency relations and operator product expansions in
the conformally invariant O(N) vector model,” Annals Phys. 249 (1996) 180–221,
arXiv:hep-th/9410093 [hep-th].
[71] M. Flato and C. Fronsdal, “One Massless Particle Equals Two Dirac Singletons:
Elementary Particles in a Curved Space. 6,” Lett. Math. Phys. 2 (1978) 421–426.
[72] M. A. Vasiliev, “Holography, Unfolding and Higher-Spin Theory,”
J.Phys. A46 (2013) 214013, arXiv:1203.5554 [hep-th].
25
